Abstract
We use the principle of adiabatic invariance of the action to find
semiclassically the rotational fine structure of asymmetric top molecules. We
show that by adiabatically switching the moments of inertia of a prolate or
oblate symmetric top molecule, we may determine the asymmetric top energy
levels even when crossing a separatrix boundary.
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We use the principle of adiabatic invariance of the action to find semiclassically the rotational
fine structure of asymmetric top molecules. We show that by adiabatically switching the
moments of inertia of a prolate or oblate symmetric top molecule, we may determine the
asymmetric top energy levels even when crossing a separatrix boundary.

INTRODUCTION

In this paper we determine the rotational fine structure
of a model asymmetric top molecule by adiabatically switching l - 5 the moments of inertia of a prolate or oblate symmetric top molecule. Physically, such an adiabatic switching
could correspond to a very floppy molecule with slow "vibrational" motion or to reactive scattering with slowly
changing coordinates at a barrier. In this paper, however, we
emphasize the adiabatic switching as a useful technique in
itself to determine the energy levels of an asymmetric top
molecule without the need to diagonalize the rotational
Hamiltonian. This technique can be extended to the case of
rotational-vibrational coupling where such diagonaliza- j
tions become computationally intractable.
The Hamiltonian of an asymmetric top molecule is given simply in terms of the body fixed components of the angular momentum
(1)

where we let Ii = 1 and the rotational constants are given in
terms of the principal moments of inertia by
A = (112/xx

),

B = (1I2/yy) '

and C = (1I2/zz) .

(2)
It is standard convention to define the principal axes of a
molecule such that A-;;.B-;;.C. A molecule is a prolate symmetric top when B = C and is an oblate symmetric top when
B=A.
It is convenient to parametrize the angular momentum
in the body-fixed frame in terms of Euler angles with respect
to the laboratory frame with J along the lab z axis such that 6
J x = - J sin {J cos r

,

aH

(3b)

Jz = Jcos{J==.Jy ,

(3c)

where the Euler angles of the body coordinates with respect
to the lab are ( - r, - {J). With this parametrization, the
Hamiltonian becomes

r= aJ '
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. = - aH
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)From these equations, we may find the fixed points of the RE
surface in Fig. 1 where = 0 and jy = O. We find stable
fixed points for {3 = 0, 1T' corresponding to the ± Jz axes and
for r = 0, 1T' and {J = 1T'/2 corresponding to the ± J x axes.
We find saddle points or unstable fixed points for
r = ± 1T'/2 and {J = 1T'/2 corresponding to the ± Jy axes.
The Jy axis is unstable because, by definition, it is the axis
with the intermediate moment of inertia Iyy •
The tra~ectory which goes through the Jy axis is called
the separatnx and corresponds to energy E = BJ 2 • The se-
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(3a)

Jy =Jsin{Jsinr,

H(Jy,r)

two constants of the motion: the total angular momentum J
and its projection on the lab axis Jz ==.M. The simple form of
Eq. (4) results from the implicit condition J = M.
In Fig. 1 we plot the rotational energy (RE) surface for
a most symmetric top where B = (A + C) /2 with J fixed at
J = 10. We use spherical coordinates with the energy plotted
radially as a function of angles ({J,r). The contours of constant energy which define this surface correspond to the classical trajectories of the Hamiltonian.
For the above Hamiltonian, the equations of motion are
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(4)

where J 2 is a constant of the motion. Thus our Hamiltonian
has only one dimension with two degrees of freedom. This is
because our original Hamiltonian in three dimensions had

FIG. 1. Rotational energy surface. The energy contours for this most asymmetric top with B = (A + C)/2 correspond to the semiclassical trajectories
for J = 10. The separatrix is shown with a dotted line and the fixed points
are denoted with an X.
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(c) Asymmetric Top
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FIG. 2. Energy correlation diagram for an asymmetric top. (a) RE surface for a prolate symmetric top with B = C = 0.2 cm - 1 and (b) RE surface for a
oblate symmetric top with B = A = 0.6 cm -I. The J = 10 asymmetric top quantum energy levels are shown in (b) as a function of the rotational constant B.
The corresponding semiclassical trajectories in the prolate and oblate limit where KA and Kc are good quantum numbers are shown in (a) and (b). For
arbitrary B the quantum levels are labeled with nA and nco When B = 0.4 cm- I the RE surface is shown in Fig. 1.

paratrix separates motion around the Jz and J x stable fixed
points as shown in Fig. 1. By substituting the energy BJ 2 for
H in Eq. (4), one finds that the separatrix is two circles on
the RE surface intersecting at the ± Jy axis and going
through the J x - Jz plane (r = 0) at angles f3s and 1T-f3s
where
f3s = cos- J

%%
-C

(6)

---.

A-C

+ (A -

C)J; ,

(7)

is independent ofr so that J y = Jz EKA is a constant of the
motion.
The semiclassical quantization condition for the action,

Jor

2

Sz =

11'

J y (z axis)dy = 21Tn A

,

(8)

for precessional orbits about Jz result in the quantization
IKA I = n A

so that J y = J x EKe is now a constant of the motion. The
semiclassical quantization for the action now becomes
(11)

for precessional orbits about Jx result in the quantization
IKe I = nc

In the prolate top limit where B = C, the separatrix merges
with the Jz = 0 plane forming a locus of stable fixed points.
In the oblate top limit where B = A the separatrix merges
with the J x = 0 plane again forming a locus of stable fixed
points. Such stable fixed points for the prolate and oblate RE
surfaces are denoted with a X in Figs. 2(a) and 2(b), respectively.
In the prolate and oblate limit, semiclassical quantization is straightforward. Substituting B = C in Eq. (4), we
find the Hamiltonian for the prolate symmetric top,
H(Jy) = CJ2

(10)

for n A = J,J - 1, ... ,0

(9)

for prolate symmetric tops. The energies levels are doubly
degenerate corresponding to trajectories with K A quantized
about the ± Jz axis as shown in Fig. 2 (a). Note that we may
reverse the roles of the Jz and J x axis in the Hamiltonian in
Eq. (4) by exchanging A and C. The Hamiltonian for an
oblate symmetric top then becomes

for nc = J,J - 1, ... ,0

(12)

for oblate symmetric tops. Again, the energies levels are doubly degenerate corresponding to trajectories with Kc quantized about the ± Jx axis as shown in Fig. 2(b). Equations
(8) and (11) are the correct semiclassical quantizations for
precessional trajectories of the asymmetric top even when Jz
and Jx are not conserved. However, rather than use these
equations to find the semiclassical energies for the general
asymmetric top,6,7 we shall use the principle of adiabatic
invariance of the action.
First, in Fig. 2(c), we show the quantum energies for
J = 10 by diagonalizing H in Eq. (4) as a function of the
rotational constantB. This diagonalization is readily accomplished in the 2J + 1 basis set (J,Ke) or (J,KA ). We use
rotational constants of a model "heavy" molecular top with
C = 0.2cm- J andA = 0.6cm-l. The trajectories on theRE
surfaces for the prolate and oblate symmetric tops in Figs.
2(a) and 2(b) are correlated with the quantum energies on
the extreme left and right of the energy diagram in Fig. 2
where B = C and B = A, respectively. Note that each degenerate pair of n A energy levels in the prolate limit in
Fig. 2 (c) is correlated with a nondegenerate pair
nc = (J - n A , J - nA - 1) in the oblate limit and visa
versa. Thus the action quantum numbers (n A ,n e ) in Eqs.
(8) and (11) uniquely label an asymmetric top quantum
state even when KA and Ke are not good quantum numbers
and Jz and J x are not conserved.
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ADIABATIC SWITCHING

a)

We now try to duplicate the quantum energies of the
asymmetric top in Fig. 2 (c) by adiabatic switching the rotational constant B starting with the prolate or oblate symmetric top limit where the quantized trajectories are known. If
the rotational constant B is changed slowly for such an initial
prolate or oblate top trajectory, the action must be conserved
in this one-dimensional system. Thus if one starts a trajectory with the properly quantized action, the action will remain quantized, and the resultant trajectory will necessarily
remain the semiclassically correct one until the separatrix is
crossed. 2 We solve Hamilton's equations in Eq. (5) with the
prolate symmetric top initial conditions KA = J,J - 1, ... ,0
with B = C and follow the resulting adiabatic energies given
byEq. (4) asBis gradually increased. In Fig. 3(a) the semiclassical energies with dashed lines are compared with the
quantum energies with solid lines. Similarly for the oblate
symmetric top, we use the initial conditions
K c = J,J - 1, ... ,0 with B = A and follow the resulting adiabatic energies in Fig. 3 (b) as B is gradually decreased. The
switching times over the full range of B is the same for all
J + 1 = 11 trajectories and corresponds to - 30 periods of
the longest period Kc = lor KA = 1 trajectories. The lower
Kc or KA trajectories will be the first to violate the adiabatic
conditions with faster switching times since they have the
longest period trajectories.
It is clear that before the trajectories cross the separatrix, the semiclassical energies shown in Fig. 3 are quite accurate. We use the semiclassical correspondence
J2 __ (J + 112)2 in Eq. (4) rather than the more accurate
J2 --J(J + 1) for the reasons discussed below. It is evident in
Fig. 3 that the energy of the separatrix BJ 2 is a linear function of B. It is readily seen in Fig. 3 that the exact energies are
symmetric about the separatrix with respect to exchange of
K A and K c' The action at the separatrix determines the
number of allowed semiclassical precessional trajectories
about the Jz and J x axes. The action of the separatrix about
the Jz axis is
Sz =

f'IT Jy(z axis)dy>21Tn

(13)

A ,

where we solve for J y in Eq. (4) with H = BJ 2. We find that
(14)

so that the number of semiclassical trajectories around the Jz
axis depends linearly on the separatrix anglePs given in Eq.
(6). Similarly, the number of semiclassical trajectories
around the J x axis is

n c <.2J( 1T/2 - Ps )/1T = J - 2JPJ1T·

(15)

The separatrix itself corresponds to a semiclassical trajectory whereps = n1T/2J and n is an integer. Note that when
B = (A + C)/2 for the "most" asymmetric top, we have
Ps = 1T/4 and nc,n A <.J /2. That is, half of the semiclassical
trajectories are oblate and half are prolate as shown in Fig. 1.
When J is an even integer, the separatrix itself is a semiclassical trajectory. In Fig. 1 we show the 2J + 1 = 21 semiclassical trajectories on the RE surface for a most asymmetric top.
Note in Fig. 1 that the precessional trajectories about the J x
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FIG. 3. Comparison of semiclassical and quantum energy levels for an
asymmetric top with J = 10. The semiclassical energy levels are found by
adiabatically switching (a) using initial prolate symmetric top trajectories
withB = 0.2cm- 1 andK.. = integer and (b) using initial oblate symmetric
top trajectories with B = 0.6 cm - I and Kc = integer. After the separatrix
crossing at energy BJ 1 the semiclassical energies are no longer accurate. For
the librational trajectories after the separatrix crossing, half-integer quantum numbers can be used to obtain accurate semiclassical energies.

axis appear as librational trajectories when viewed about the
Jz axes and visa versa.
In Fig. 4 we follow the classical trajectory of the K A = 5
levelin Fig. 3 (a) for various values of B. The action for these
trajectories is simply the area under the curves. It is found
that this action is always 101T to any desired degree of accuracy by slowing the switching time. As expected, the action is
conserved even when crossing the separatrix boundary.
Note that after crossing the separatrix the precessional trajectories appear librational about the J y = Jz axis. The trajectory in Fig. 4(c) corresponds to Br;;;,r. (A + C)/2 and is
very near the separatrix. Thus it is almost touching the unstable fixed points at ± Jy where y = 1T/2 or 31T/2 and
J y = O. When the separatrix is crossed, half of the classical
trajectories will cross near the + J y hyperbolic fixed point
and end up in precessional trajectories about the + J x axis,
while the other half of the trajectories will cross near the
- J y axis and end up in precessional trajectories about the
- J x axis, depending on the phase of initial trajectory. For
the particular trajectory shown in Fig. 4, the separatrix was
crossed near - Jy at y = 31T/2 resulting in a precessional
trajectory about the - J x axis where y = 1T. Note that these
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between half-integer and integer quantum numbers when
crossing the separatrix.
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FIG. 4. Phase space plots of a J = 10 classical trajectory of an asymmetric
top resulting from adiabatically switching the rotational constant B (in
cm-') where (a) B""C = 0.2, (b) B",,0.3, (c) B""O.4, (d)B",,0.5, and (e)
B""A =0.6. Since Jy==J" the trajectories in (a), (b), and (c) precess
about theJz axis and the trajectories in (d) and (el precess about the - J x
axis. The trajectory starts in (a) with KA = 5 and finishes in (e) with
Kc = 5.5. In (c) the trajectory is near the separatrix of Fig. 1 and spends
most of the time near the ± Jy unstable fixed points.

trajectories about - J x in Figs. 4( d) and 4( e) appear librational since J y = J z •
At the separatrix the quantum splitting of the KA and
Ke levels becomes large due to tunneling across the separatrix as described in Ref. 6. After the separatrix crossing, the
classical energies no longer follow their quantum counterparts in Fig. 3. This is because the semiclassical conditions
for the action in Eqs. (8) and ( 11) assume that the trajectories are precessional rather than librational. However, when
the separatrix is crossed, we must change our quantization
conditions to account for the librational trajectories. As
shown by Colwell et al. 7 this can be accomplished by letting
n A - nA + 1/2 in Eq. (8) when crossing the separatrix in
Fig. 3(a), and ne -n e + 1/2 in Eq. (11) when crossing the
separatrix in Fig. 3 (b). That is, for librational trajectories
there are two turning points and half-integers must be used
for the semiclassical quantization. This is only valid if we use
the semiclassical condition J -J + 1/2. We then have the
correlations
(n A

+ 1/2) ..... (J + 1/2) -

ne

(n A ,n e =

integer) ,
(16a)

From the above considerations, we see that Fig. 3(a) is
equivalent to adiabatically switching from the oblate symmetric top limit starting with half-integer quantization.
With this prescription, we arrive at the correct prolate energies after the separatrix has been crossed. Similarly, Fig.
3(b) is equivalent to adiabatically switching from the prolate symmetric top limit starting with half-integer quantization to obtain the correct oblate energies after the separatrix
has been crossed. In both cases the action is conserved, but
we have now started with an action appropriate for the librational trajectories which occur after the separatrix has been
crossed.
It is appropriate to discuss how these results may be
applied to practical problems. It is always possible to diagonalize the 2J + 1 dimensional Hamiltonian matrix to obtain
rotational energies, but in cases where J is very large, or
where full diagonalization is not desirable, one may obtain
energy levels for the asymmetric top using the above method
of adiabatic switching. For a given final value of B, one may
either switch from the oblate or prolate limits. For those
values of KA and Kc for which the final energy is less than
BJ z, half-integer quantization should be used in switching
from the prolate limit or integer quantization should be used
in swtiching from the oblate limit. For those values of KA
and K c for which the final energy is greater than BJ 2, integer
quantization should be used when switching from the prolate limit or half-integer quantization should be used in
switching from the oblate limit. This will assure accurate
quantum eigenvalues for all values of KA and Kc except
possibly those very close to the separatrix. Tunneling corrections 6 could be included for these states if more accurate
values were desired.
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